
Bayesian Models for 
More Complex Data
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Estimation of            is made using data                  
gathered under a variety of conditions 
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Linear model assumptions
The linear model rests on some important assumptions:

• Errors are additive and normally distributed
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• All error/randomness is in the value of the 

response (i.e., the X values are precisely known)
• There is no (systematic) missing data
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• Linear (in covariates) mean function
• All error/randomness is in the value of the 

response (i.e., the X values are precisely known)
• There is no (systematic) missing data

Ecological data rarely conform to these assumptions!



Non-normal distributions
The most common deviation from these assumptions is 
that data are non-normal, and especially are not 
continuous:

• Binary Data (0 or 1)
• Sick or Healthy
• Yes or No

• Count data (1, 2, 3, 4...)
• number of animals observed
• number of people ill



Example: Estimating the probability of a rare event

Suppose we are interested in the prevalence of an 
infectious disease in a small city.  A small random 
sample of 20 individuals will be checked for infection. 

• We want to estimate the fraction of infected 
individuals in the population:  

• The data records the number of infected 
individuals: 

✓ 2 ⇥ = [0, 1]
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Example: Likelihood/sampling model

Before the sample is obtained, the number of infected 
individuals is unknown.

• Let     denote this to-be-determined value

• If     were known, a sensible sampling model is
Y
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Example: Prior

Other studies from various parts of the country 
indicate that the infection rate ranges from about 
0.05 to 0.20 with an average prevalence of 0.1

• Moment matching from a beta distribution (a 
convenient choice, as we'll see) give the prior:

✓ ⇠ Beta(2, 20)
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Example: Posterior

The prior and sample model combination:

With observed data y, we can obtain an analytic 
expression for the posterior:

✓ ⇠ Beta(a, b)

Y |✓ ⇠ Bin(n, ✓)
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This is an example of a conjugate Bayesian model.



Example: Posterior

For our case, we have a = 2, b = 20, n = 20
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<latexit sha1_base64="jVIsQ8jS9uNkWhP3rPFlW2LRq1A=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BFuhXspuPehFKIjgsYK1hXYp2TTbhmazS5IVlqU/wosHRbz6e7z5b0zbPWjrg4HHezPMzPNjwbVxnG9UWFvf2Nwqbpd2dvf2D8qHR486ShRlbRqJSHV9opngkrUNN4J1Y8VI6AvW8Sc3M7/zxJTmkXwwacy8kIwkDzglxkqdai29ds6rg3LFqTtz4FXi5qQCOVqD8ld/GNEkZNJQQbTuuU5svIwow6lg01I/0SwmdEJGrGepJCHTXjY/d4rPrDLEQaRsSYPn6u+JjIRap6FvO0NixnrZm4n/eb3EBFdexmWcGCbpYlGQCGwiPPsdD7li1IjUEkIVt7diOiaKUGMTKtkQ3OWXV8ljo+5e1Bv3jUrzNo+jCCdwCjVw4RKacActaAOFCTzDK7yhGL2gd/SxaC2gfOYY/gB9/gBY0Y5E</latexit>

p(✓|y = 0) = Beta(2, 40)
<latexit sha1_base64="4Fjk+r+PPVL4N8V9jqRaAIp//qA=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0IGWmFnRTKIrgsoJ9QKeUTJppQzMPkjtCGfsBbvwVNy4UcesHuPNvzLSz0NYDgcM555J7jxMKrsA0v43Myura+kZ2M7e1vbO7l98/aKkgkpQ1aSAC2XGIYoL7rAkcBOuEkhHPEaztjK8Sv33PpOKBfweTkPU8MvS5yykBLfXzhbBow4gBeZjUzFLN9giMpBdfamVarJziqlnK6ZRZNmfAy8RKSQGlaPTzX/YgoJHHfKCCKNW1zBB6MZHAqWDTnB0pFhI6JkPW1dQnHlO9eHbMFJ9oZYDdQOrnA56pvydi4ik18RydTJZVi14i/ud1I3AvejH3wwiYT+cfuZHAEOCkGTzgklEQE00IlVzviumISEJB95eUYC2evExalbJ1Vq7cVgv167SOLDpCx6iILHSO6ugGNVATUfSIntErejOejBfj3fiYRzNGOnOI/sD4/AG4p5l4</latexit>

0.0 0.2 0.4 0.6 0.8 1.0

0
5

10
15

de
ns

ity

posterior (y=0)
prior



Example: Prior Sensitivity

How influential is our prior?

The posterior expectation can be written as

E{✓|Y = y} =
n

w + n
ȳ +

w

w + n
✓0
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a weighted average of the sample mean and prior 
expectation:

✓0 =
a

a+ b
w = a+ b
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Example: Song sparrow reproductive success

Arcese et al., (1992) provide data on a sample from a 
population of 52 female song sparrows studied over 
the course of a summer, during which their 
reproductive activities were recorded
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Example: Song sparrow reproductive success

Arcese et al., (1992) provide data on a sample from a 
population of 52 female song sparrows studied over 
the course of a summer, during which their 
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2-year-old birds had the highest median reproductive  
success, declining thereafter
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Example: Typical biology

This is not surprising from a biological point of view:

• 1-year-old birds are in their first mating season 
and are relatively inexperienced compared to 
two-year-old birds

• As birds age beyond two years they experience 
a general decline in health and activity

We wish to fit a probability model to these data

• perhaps to understand the relationship between 
age and reproductive success

• or to make population forecasts for this group 
of birds
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Example: Poisson model

Since the number of offspring for each bird is a non-
negative integer                    , a simple probability 
model for

Y = the number of o↵spring
x = ageconditional on

would be a Poisson model

{Y |x} ⇠ Pois(✓x)

One possibility would be to estimate      separately for 
each age group

✓x

{0, 1, 2, . . . }
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Example: Adding stability

However, the number of birds of each age is small and 
so the estimates of      would be imprecise✓x

To add stability to the estimation we will assume that 
the mean number of offspring is a smooth function of 
age

We will want to allow this function to be quadratic so 
that we can represent

• the increase in mean offspring while birds mature
• and the decline they experience thereafter
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Example: A linear model?

One possibility would be to express     as✓x

✓x = �1 + �2x + �3x
2

However, this might allow some values of     to be 
negative, which is not physically possible

✓x

As an alternative, we will model the log-mean of      in 
terms of this regression so that 

Y

log E{Y |x} = log ✓x = �1 + �2x + �3x
2

which means that, for all    and 

E{Y |x} = exp{�1 + �2x + �3x
2} > 0

x �



Poisson regression
The resulting model

{Y |x} ⇠ Pois(exp{x>�})

is called a Poisson regression model, or log-linear 
model
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Poisson regression
The resulting model

{Y |x} ⇠ Pois(exp{x>�})

is called a Poisson regression model, or log-linear 
model

The term          is called the linear predictorx>�

In the regression model the linear predictor is linked 
to               via the       function, and so we say that 
this model has a       link

E{Y |x} log
log
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• allows more general response distributions for     
than the normal distribution  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Y
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g(µ) = ⌘



Generalized linear model
The Poisson regression/log-linear model is a type of 
generalized linear model (GLM), a model which

• allows more general response distributions for     
than the normal distribution  

• relates a function of the expectation  
to a linear predictor                 through the link  

Y

µ = E{Y }
⌘ = x>�

g(µ) = ⌘

These two choices define the GLM



Example: Prior specification

Unlike the normal or Beta-Binomial models, there is 
not a conjugate (or semi-conjugate) prior for the 
Poisson regression model. 

�0,�1,�2 ⇠ N (0, 1002)
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Example: Prior specification

Unlike the normal or Beta-Binomial models, there is 
not a conjugate (or semi-conjugate) prior for the 
Poisson regression model. 

So we can choose what we'd like! Since the coefficients 
of the linear predictors can be anywhere along the real 
line, but we don't want to force them to be any 
particular value, I choose:
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Then turn the Bayesian crank...



Example: Posterior marginals/joint
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Example: Posterior predictive
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Linear model assumptions
The linear model rests on some important assumptions:

• Errors are additive and normally distributed
• Errors are homoskdastic (don't vary across Xs)
• Observations are independent (conditional on the 

linear predictor)
• Linear (in covariates) mean function
• All error/randomness is in the value of the 

response (i.e., the X values are precisely known)
• There is no (systematic) missing data
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How can relax some of these other assumptions?


